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Abstract. We classify irreducible a- twisted modules for the N = 1 super triplet vertex 
operator supcralgcbra <SW(m) introduced recently [Adamovic D., Milas A., Comm. Math. 
Phys., to appear, arXiv:0712.0379 . Irreducible graded dimensions of cr-twisted modules are 
fH | also determined. These results, combined with our previous work in the untwisted case, 

show that the SL(2, Z)-closure of the space spanned by irreducible characters, irreducible 
supcrcharacters and cr-twisted irreducible characters is (9m + 3)-dimcnsional. We present 
strong evidence that this is also the (full) space of generalized characters for SW(m). We 
are also able to relate irreducible SW(m) characters to characters for the triplet vertex 
CN ■ algebra W(2m+ 1), studied in [Adamovic D., Milas A., Adv. Math. 217 (2008), 2664-2699, 

^> I larXiv:0707.1857j . 

^^O ■ Key words: vertex operator superalgebras; Ramond twisted representations 
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1 Introduction 

^ ■ Many constructions and results in vertex algebra theory are easily extendable to the setup of 

vertex superalgebras by simply adding adjective "super" . Still, there are results that deviate from 
this "super-principle" and new ideas are needed compared to the non-super case. For example, 
modular invariance for vertex operator superalgebras requires inclusion of supercharacters of 
(untwisted) modules, and more importantly, the characters of cr-twisted modules |13j . where 
ex is the canonical parity automorphism. Since the construction and classification of cr-twisted 
modules is more or less independent of the untwisted construction, many aspects of the theory 
need to be reworked for the twisted modules (e.g., twisted Zhu's algebra [29])- In fact, even 
for the free fermion vertex operator superalgebra, construction of cr-twisted modules is far from 
being trivial (see [13] for details). 

Present work is a natural continuation of our very recent paper [5], where we introduced 
a new family of CVcofinite N = 1 vertex operator superalgebra that we call the supertriplet 
family SW(m), m > 1. In this installment we focus on cr-twisted 5VV(m)-modules and their 
irreducible characters. The cr-twisted 5W(m)-modules are usually called modules in the Ramond 
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sector, while untwisted (ordinary) modules are referred to as modules in the Neveu-Schwarz 
sector, in parallel with two distinct N = 1 superconformal algebras. 

Of course, Ramond sector has been studied for various (mostly rational) vertex operators 
superalgebras (e.g., [Ml EH EZ] , etc.). We should also point out that Ramond twisted represen- 
tation of certain vertex W-algebras were recently investigated in [8] and [23J. 

Here are our main results: 

Theorem 1.1. The twisted Zhu's algebra A a (SW(m)) is finite- dimensional with precisely 2m+l, 
non-isomorphic, ^-graded irreducible modules. Consequently, <SW(m) has 2m + l, non-isomor- 
phic, TLi-graded irreducible a-twisted modules. 

By using embedding structure of N = 1 Feigin-Fuchs modules [2D] we can also easily compute 
the characters of cr-twisted 5W(m)-modules. Equipped with these formulas, results from [5] 
about untwisted modules and supercharacters, and transformation formulas for classical Jacobi 
theta functions we are able to prove: 

Theorem 1.2. The SL(2,'L)-closure of the space of characters, (untwisted) supercharacters and 
a-twisted SW(m) characters is (9m + 3) -dimensional. 

Conjecturally, this is also the space of certain generalized characters studied in [28] (strictly 
speaking pseudotraces are yet-to-be defined in the setup of cr-twisted modules). A closely related 
conjecture is 

Conjecture 1.1. Let Z(A) denote the center of associative algebra A and T(A) = A/ [A, A] the 
trace group of A. Then 

dim(Z(A(SW(m)))) + dmi(Z(A a (SW(m)))) = 9m + 3, 

and 

dim(T(A(SW(m)))) + dim(T(A a (SW(m)))) = 9m + 3, 
where A(SW(m)) is the untwisted Zhu's associative algebra of <SW(m) (cf. ^\). 

The conjecture would follow if we knew more about structure of logarithmic 5yV(m)-modules. 

Here is a short outline of the paper. In Section [2] we recall the standard results about the 
cr-twisted Zhu's algebra, the free fermion vertex superalgebra F, and the construction of the 
cr-twisted F-module(s). In Section 0] we focus on cr-twisted modules for the super singlet vertex 
algebra introduced also in [5] . Sections [5] and [6] deal with the construction and classification of 
cr-twisted 5W(m)-modules. Finally, in Section [7] we derive characters formulas for irreducible 
cr-twisted 5W(m)-modules, discuss modular invariance, and relate our characters with the cha- 
racters for the triplet vertex algebra W(2m + 1) (see for instance [4] and |15j). 

Needless to say, this paper is largely continuation of [1] and especially [5]. Thus the reader 
is strongly encouraged to consult [5], where we studied SW(m) in great details. 

2 Preliminaries 

Let V = Vo ® Vx be a vertex operator superalgebra, where as usual Vq is the even and V\ is 
the odd subspace (cf. [T3J [171 E] ) . Every vertex operator superalgebra has the canonical parity 
automorphism a, where cry = 1 and ay 1 = — 1. This leads to the notion of cr-twisted ^-modules, 
well recorded in the literature (see for example [14] and [29]). As in the untwisted case, a large 
part of representation theory of cr-twisted ^-modules can be analyzed via the cr-twisted Zhu's 
algebra whose construction we recall here. 
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Within the same setup, consider the subspace 0(V) C V, spanned by elements of the form 

(1 _|_ x )deg(u) 

Res x k Y{u, x)v, 

x z 

where u € V is homogeneous. It can be easily shown that 

(I _|_ x )deg(u) 

Res / ; Y(u,x)v E 0(V) for n > 2. 

Then, the vector space A a (V) = V/0(V) is equipped with an associative algebra structure via 

n _)_ x) dcg ( u ) 
u * v = Res x Y(u, x)v 

x 

(see |29|). An important difference between the untwisted associative algebra A(V) and A a {V) 
is that the latter is Z2-graded, so 

A a (V)=A° a (V)®Al(V). 

It is also not clear that A a (V) ^ 0, while ^4(V^) is always nontrivial. We shall often use 
[a] £ Afj(V) for the image of a G V under the natural map V — > A a {V). 
The result we need is [29] : 

Theorem 2.1. There is a one-to-one correspondence between irreducible Z>Q-gradable a -twisted 
V -modules and irreducible A a (V) -modules. 

In the theorem there is no reference to graded ^4 (7 (y)-modules. For practical purposes we 
shall need a slightly different version of the above theorem, because some modules are more 
natural if considered as ^-graded modules (shorthand, graded modules). 

Theorem 2.2. There is a one-to-one correspondence between graded irreducible Z>Q-gradable 
a -twisted V -module and graded irreducible A a (V) -module. 

Proof. The proof mimics the non-graded case, so we shall omit details. As in the non-graded 
case, by applying Zhu's theory, from an irreducible graded A cr (y)-module U we construct a a- 
twisted graded V^-module L(U) (but of course in the process of getting L(U) will be moding 
out by the maximal graded submodule). On the other hand, if M is an irreducible graded 
^-module, then the top component Q(M) is clearly a graded A a (V)-module. Suppose that 
il(M) is not graded irreducible, therefore there is a graded submodule O(M'). Then we let 
M' = U(V[a])n'(M), where U{V[a\) is the enveloping algebra of the Lie algebra V[a}. But M' 
is a proper graded submodule of M, so we get a contradiction. ■ 

Our goals are to describe the structure of A a (SM(l)), where SM(1) is the super singlet 
vertex algebra [5], and to discuss A a (SW(m)) (in fact, we have a very precise conjecture about 
the structure of A a (SW(m))). Let us recall (see [5] for details) that both SM(1) and SW(m) 
are = 1 superconformal vertex operator superalgebras, with the superconformal vector r. In 
other words, if we let Y(t,x) = ^2 G(n)x~ n ~ 3 ^ 2 , then G(n) and L(m) close the N = 1 

ngZ+l/2 

Neveu-Schwarz superalgebra. 

It is not hard to see that the following hold: 

(L(-m - 2) + 2L(-m - 1) + L(-m))v G 0(V), m>2, 
(L(0) + L(-l))v e 0(V), 

L{-m)v = {-l) m ((m-l){L{-2) + L(-l))+L{0))v mod 0(V), m > 2, 

(J) G(-3/2 - i + n)v e 0(V), i > 1, (2.1) 

n>0 ^ ' 

where in all formulas v is a vector in N = 1 vertex operator superalgebra V . 
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To illustrate how to use twisted Zhu's algebra, let us classify Z-graded cr-twisted modules for 
the (neutral) free fermion vertex operator superalgebra F, used in [3]. The next result is known 
so we will not provide its proof here. 

Proposition 2.1. We have A a {F) = C[x]/ (x 2 — ^) where x = [<p{— 1/2)1], an odd generator in 
the associative algebra. 

This result in particular implies there are precisely two irreducible c-twisted F- modules: . 
These two modules can be constructed explicitly. As vector spaces 

M ± = © n > o A n (0(-l),0(-2),...), 

where A* is the exterior algebra, which is also a Z>o-graded module for the Clifford algebra K 
spanned by <p(n), n G Z with anti-bracket relations {(j)(m) , (j)(n)} = 5 m+n fl. The only difference 
between M + and M~ is in the action of 0(0) on the one-dimensional top subspace M ± (0). More 
precisely we have 0(O)|j^±( O ) = ^"^J- However, notice that are not Z2-graded thus it is 
more natural to examine graded ^(i^-modules. There is a unique such module (up to parity 
switch), spanned by \ m and 0(0) l 51 . Thus 

M = © n > o A n (0(O), 0(-l), 0(-2), . . . ) = M + © M~. 
Then 1 M is a cyclic vector in M, i.e., M = K.l m . Moreover, = K.l , where 

1± = l m ± ^2^(0) I s ". 
Next we describe the twisted vertex operators 

Y : F®M — ► M[[x 1/2 , X - 1/2 }]. 
Details are spelled out in [13], here we only give the explicit formula. Define first 



Y{<f>{- 



■n 



acting on M and use (fermionic!) normal ordering ; ; to define 

y(0(-nx - i) • • • <f>(-n k - l)l,x) = :Y(<f>(-m - l),x) ■ ■■Y(ci>(-n h -\),x);, 

and extend Y by linearity on all of F (see [13] and [J2] for details, especially about normal 
ordering). Then, we let 

Y(v,x) := Y(e Ax v,x), 

where 



^ X = \Y1 C m ^ n ct){m+\)(t){n+\) 

m,n>0 

1 m-n /-l/2\/-l/2 



2m + n+ l\m J \ n 
Let us fix the Virasoro generator 



= 3*(-M-3)l- 



Then e Ax u> s = uj s + j^x 2 1. 

The following lemma will be important in the rest of the paper. 
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Lemma 2.1. Let 

CO oo 

G(xi,X 2 ) = ^2,Cm,nxTx2, 
m=0 n=0 

where C mj „ are as above. Then 

, 1 /(l + Xi) 1 /2(l +X2 )-l/2_ 1 (l + Xl )-l/2(l + a: 2 )V2_A 
G Xi,X 2 = - ^ ^ * '- + ^ '- ^ '- GQ xi, X 2 • 

2 y x 2 - xi x 2 - xi J 

Proof. The lemma follows directly from the identity 

(x 2 - xi)G(xi, x 2 ) = |(1 + xi) 1 / 2 ^ + X2T 1 ' 2 + i(l + xir 1/2 (l + x 2 ) 1/2 - 1. 
which can be easily checked by expanding both sides as power series in x\ and x 2 . ■ 

3 Highest weight representations of the Ramond algebra 

The N = 1 Ramond algebra 9t is the infinite-dimensional Lie superalgebra 
<K = CL(n) CG(m) CG 

with commutation relations (m, n 6 Z): 

[L(m), L(n)] = (m - n)L(m + n) + S m + n ,o — ^ — G, 
[G(m), L(n)] = — — J G(m + n), 

(G(m), G(n)} = 2L(m + n) + i(m 2 - l/4)J m+n , G, 
[L(m),C}=0, [G(m),C]=0. 

The representation theory of the N = 1 Ramond algebra has been intensively studied first 
in [22] and other papers (cf. [25l[T2], etc.). 

Assume that (c,h) S C 2 such that 24h ^ c. Let L m (c, h)^ denote the irreducible highest 
weight 9^-module generated by the highest weight vector t? ■ such that 

G(n)v± h = ±y/h - c/24 5 n>0 v± h , L{n)v± h = h5 nfl v± h (n > 0). 

These modules can be considered as irreducible u-twisted modules for the Neveu-Schwarz ver- 
tex operator superalgebra (cf. [24] ) . Since L m (c, h)^ are not Z 2 -graded (notice that u . are 
eigenvectors for G(0)), it is more useful to consider graded modules. It is not hard to show that 
the direct sum 

L m {c,h) = L m (c,h) + ® L m {c,h)- 

is in fact a Z 2 -graded £H-module. Indeed, for Z 2 -graded subspaces take 

1 _ \ 



and 



L m (c,h) = U(X) I «+ fc + - / ___. 



L*{c,h)i = u(m) v+ - -==«- fc 



Since L m (c, h) does not contain non-trivial Z 2 -graded submodules, we shall say that this module 
is Z 2 -graded irreducible. 
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Remark 3.1. Details about construction of L^(c,h) and its relation to irreducible non-graded 
modules can be found in [T2] and [TO]. In Section we shall present free fields realization of 
modules L m (c,h) and L^(c, h)^ 1 . 

For i,n,m € Z>o, let 

3 12m 2 , i o „ 1 

+ ' 2 2m + 1 2' 
^+2,2n + i . = (2i + 2-(2n+l)(2m + l)) 2 -4m 2 1_ 

8(2m + l) 16' 

Let L(c2 m +i,i, h) be the irreducible highest weight module for the Neveu-Schwarz algebra 
with central charge c and highest weight h. Then L(c2 m +i.i,0) is a simple vertex operator 
superalgebra, L m (c, h)^ are irreducible a-twisted L(c 2m +i,ii 0)-modules, and L m (c,h) is Z 2 - 
graded irreducible c-twisted L(c2- m +i,i, 0)-module. 

3.1 Intertwining operators among twisted modules 

If V is a vertex operator superalgebra and W±, W 2 and W3 are three V- modules then we consider 
the space of intertwining operators ^ ) • It is perhaps less standard to study intertwining 
operators between twisted ^-modules, so we recall the definition here (see [29} p. 120]). 

Definition 3.1. Let W\, W 2 and W3 be dj-twisted V- modules, respectively, where <jj is a finite 
order automorphism of order with common period T. An intertwining operator of type 

(wJ*V a ) is a linear ma P 

y(-,x) : W 1 — ► End(W 2 , W 3 ){x}, 

such that 

y(L(-l)w, x) = 4~y(w, x), W£W! 
ax 

and Jacobi identity holds 

T-l / , _ x -l/T 



p=0 



p=0 



p=0 \ 



uP T y(Y Ul (a%v,x )wi,x 2 ), 



Tx 2 t—' \ \ x 2 

where v G Vi, wi G i, j S Z2 and is a primitive T-th root of unity. 

We shall also need the following result on the fusion rules. The proof is completely analogous 
to that of Proposition 4.1 of [5] (see also [TB]). 

Proposition 3.1. For every i = 0, . . . , m — 1 and n > 1 we have: the space 
J L*(c 2m+ljl ,h)± 

U(c2m+l,l, h^) L*(c 2m+ljl ,h*+^+ 1 )± 
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is nontrivial only if h G {h 2 ^ 2 ' 2 ™' 1 , h 2i+2 > 2n+1 , h 2i+2 ' 2n+3 } , and 

U(c 2m+ i,i> 1 ' 3 ) L^c 2m+l!l ,hW)^J 

is nontrivial only if h = /i 2 * +2 ' 3 . 

Similarly, for every i = 0, . . . , m — 1 and n > 2 we have: the space 



I 



L(c 2m+ljl , fcL3) L*(c 2m+1)1 , ^+2,-2n+l)± 



nontrivial only if h G {/j2i+2 -2n-l^2i+2,-2n+l ^2i+2,-2n+3| ; anrf 

^(C2m+l,l 5 /l ) ± 

L(c 2m+ljl , L*(c 2m+1)1 , ^i+2,-l)± 

is nontrivial only if h G {/i 2l+2, ~ 3 , /i 2 *" 1 " 2 " 1 }. 

VFe Ziawe analogous result for fusion rules of type 

^ OT (c 2 m+i,ii ^) 

Proof. The proof goes along the lines in [5] (cf. [26]), with some minor modifications due to 
twisting. In fact, in order to avoid the twisted version of Frenkel-Zhu's formula we can proceed 
in a more straightforward fashion. Because all modules in question are irreducible and because 
all intertwining operators we are interested in are of the form (^^^J , where W\ is untwisted 
(so ^i = 0), the left-hand side in the Jacobi identity looks like the ordinary Jacobi identity for 
intertwining operators. Thus we can use commutator formula and the null vector conditions 

(_ L (_l) G (_i) + (2 m + i)G(-|)) Ul)3 = 0, 
G(-i) (-L(-l)G(-i) + (2m + 1)G{-I))v h3 = 0, 

which hold in L(c 2m +i 5 i, h ,s ) (here ui 3 is the highest weight vector), to study the matrix 
coefficient 

f(x) = (w',y(v 1 ' 3 ,x)w), 

where w and w' are highest weight vectors in appropriate modules. This leads to differential 
equations for f(x), which can be solved. The general solution is a linear combination of power 
functions X s , where s is a rational number. The rest follows by interpreting s in terms of 
conformal weights for the three modules involved in y. ■ 



4 <T-twisted modules for the super singlet algebra SM (1) 

In this section cr 2 will denote the parity automorphism of F. Recall also the Heisenberg vertex 
operator algebra M(l). Then, as in [5] we equip the space M(l) ® F with a vertex super- 
algebra structure such that the total central charge is |(1 — 2m+i )• ^ e define the following 
super conformal and conformal vectors: 

r = — j— (a(-l)l ® 0(-i)l + 2ml ® 0(-|)l) , 
V 2m + 1 

u = n , n 1 ^ («(- 1 ) 2 + 2ma(-2))l ® 1 + 1 ® 
2 2m + 1) 
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Recall also the singlet superalgebra SM{1) obtained as the kernel of the screening operator 

acting from M(l) ® F to M(l) <8> e 2m+1 <8> -F, where (a, a) = 2m + 1. The vertex operator 
superalgebra SM(1) is generated by r = £?(— |)l and H = Qe~ a , where 

Q = Res x Y(e a ® </>(-%), x). 

We will also use u and H, where the latter is proportional to G[—^)H (for details see [5]). 

Consider the automoprhism a = 1 (8> c 2 of M(l) <8> i 7 , acting nontrivially on the second tensor 
factor. This automorphism plainly preserves SM(1), thus we can study cr-twisted SM(1)- 
modules. It is clear that M(l, A) <g) M is a graded a-twisted S'M(l)-module, and M(l, A) ® M ± 
are u-twisted (S'M(l)-modules, where M(l, A) is as in [1] and A £ C. 

We would like to classify irreducible 5'M(l)-modules by virtue of Zhu's algebra. As usual, 
we denote by [a] G A a (SM(l)) the image of a G 5M(1). 

Lemma 4.1. Lei = ® l 1 * 1 be the highest weight vector in M(l, A) M 1 * 1 , where (a, A) = i. 
XTien £/ie twisted generators act as 

G(0)-vf = ± / t ~ m vf, 
V2(2m + 1) 

, . , f t(t~ 2m) 1 \ ■ 

10 • = -i { + —}vt, 

v ; A \2(2m + l) 16 J x 



± _ m-t ft - l/2\ ± 
Ja ~~ 2m + 1 V 2m ' ^ A ' 



Proof. Recall from j5] the formulas 

= S 2m (a) &> + 5 2m _i ® <£(-§) + • • • + 1 ® 0(-2m - ±), 

F = 0(l/2)5 2m+ i(a)^(-i)+^ 

= 5 2m +i(a) + S 2m -i(a) ® 0(-|)<^(-|) + • • • + 1 ® 0(-2m - 

As in [5] we have 
Then we get 

*(„).,* =±4. £nf _1/2 k=±4= P~ 1/2 ) 

V2^\n)\2m-n) x 2m ) 

The last formula is proven similarly by using e Aa: operator. 



Here are the main result of this section. 
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Theorem 4.1. The Zhu's algebra A a (SM(\)) is an associative algebra generated by [r], [uj], 
[H] and [H], where the following relations hold (here [uj] is central): 



r 12 r 1 c 2m+l,l 

r = M - 



24 

[t}*[H} = [H}*It] = - V2 ™ + 1 [H), 



2 \ 2m 

[H] * [fl] = C m [J (M - ^ +2 ' 1 ) 2 , C m = > , (4.1) 



i=0 

^ ' &\ = dtr c ™ (H - ^±il) n (M - h^f. 

i=0 



(2m) 

m— 1 

2m + 1""' V L ~ J 

In particular, Zhu's algebra is commutative. 
Proof. First notice (cf. [5]) that 

G{-\)F = -V2m + l0(-§)F = -V2m + IF 
and consequently 

= -V2m + 1#. 
We also have the relation 

((2m + - L{-1)G{-\))H = 0, 

because H = v± 3 is a highest weight vector. By using (|2.1[) we obtain 



[r],[JJ]= [G(-l)H] + Ha(-l)H] = [_i_L(-l)G(-I)ff] +|[G(-J)H] 

= m-m = -^[Sj. 

On the other hand, by using skew-symmetry we also have 

[H] * [t] = - [Res x x- V^^Ytr, -x)(l + x) 2m+ ^H] 
= -[Res x x-V xL(0) y(T,-z)(l + x) 2m+ 5tf] 
= -([G(-I)H] - [(2m + i - (2m + 1))G(-J)fl]) 

= -[g(-^]4N-^]=^[gH)4 

Combined, we obtain 

[r] * [i2] = [H] * [r]. ■ 
Notice that relation (|4.1|) can be written as 

[H].[H]=^n(M'- (M g ^,;y )'- Cm/a 

Let C[a, 6] denote the Z2-graded complex commutative associative algebra generated by odd 
vectors a, b. 
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Theorem 4.2. The associative algebra A a (SM{\)) is isomorphic to the Z2- graded commutative 
associative alqebra 



C[a,b]/(H(a,b)), 
where (H(a,b)) is (two-sided) ideal inC[a,b], generated by 

Proof. The proof is similar to that of Theorem 6.1 of [2]. First we notice that we have a sur- 
jective homomorphism 



$: C[a,b]^ A a (SM(l)), a^[r], b ^ [H]. 

It is easy to see that Ker $ is a Z2-graded ideal. We shall now prove that Ker $ = {H(a, b)). 
Evidently the generating element H(a,b) is even, so Theorem 14.11 gives (H(a,b)) C Ker$. 
Assume now that K(a, b) G Ker $. By using division algorithm we get 

K(a, b) = A(a, b)H(a, b) + R(a, b), 

where A(a,b), R(a,b) G C[a, b] and R(a,b) has degree at most 1 in b. Assume that R(a,b) 7^ 0. 
Then R(a, b) = A(a)b + B{a) for certain polynomials A, B G C[x]. We also notice that R(a, b) G 
Ker$. Since Ker$ is Z2-graded ideal, we can assume that R(a,b) is homogeneous. If R(a,b) is 
an even element we have that A has odd degree and B has even degree, and therefore 

deg(-B) — deg(^4) is an odd natural number. (4.2) 

The case when R(a, b) is odd element again leads to formula (|4.2p . 

As in [2] we now shall evaluate R{a,b) on ^4 -(5'M(l))-modules and get 

A( ,'- m V'-^+vW \-0 V«€C. 



^2(2m + 1) J V 2m J ^2(2771 + 1 

This implies that deg(5) — deg(^4) = 2m. Contradiction. Therefore R(a, b) = and K(a, b) G 
(H(a,b)). The proof follows. ■ 

Remark 4.1. By using the same arguments as in [2] and [5], we can conclude that every 
irreducible Z>o-gradable cr-twisted 5M(l)-module is isomorphic to an irreducible subquotient 
of M(l, A) (8) . By using the structure of twisted Zhu's algebra A a (SM(l)) and the methods 
developed in [3], we can also construct logarithmic u-twisted S'M(l)-modules. 



5 The AT = 1 Ramond module structure 
of twisted Vl -F-modules 

In this section we shall assume that the reader is familiar with basic results on twisted repre- 
sentations of lattice vertex super algebras. Details can be found in [9| 1101 [T6] and [29] . 

We shall use the same notation as in [5] . Let L = Za be a rank one lattice with nondegenerate 
form given by (a, a) = 2m+l, where m G Z>o- Let Vl be the corresponding vertex superalgebra. 

For i G Z, we set 

i n a i 

7i = Ci, 7,- = — : r H a. 

' 2m + 1 h 2(2m + l) 2m + 1 

Then o\ = exp[ 2 J[^ 1 a(0)] is a canonical automorphism of order two of Vl 
i = 0, . . . , 2m} provides all the irreducible ai-twisted V^-modules. 



The set {VyR +L , 
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Remark 5.1. It is important to notice that <7i-twisted V^-module (y r +l , Y r , L ) can be con- 
structed from untwisted module (Vy i+ L, Y li+ L) as follows (cf. [29]): 

VyR + L '■= V^+L as vector space; 

where 

A(M) :=**<«» exp (g^-^Y 

Let -F be the fermionic vertex operator superalgebra with central charge 1 /2 and 02 its parity 
map. Let M be the 02 twisted F- module (cf. [E]). 

Then a = o\ ® 02 is the parity automorphism of order two of the vertex superalgebra Vl <£> F 
and 

V~,r+l ® M > z = 0, . . . , 2m 

are c- twisted Vl <g> F-modules. 

Let (W, Y\y) be any cr-twisted VL(S>-F-module. From the Jacobi identity for cr-twisted modules 
it follows that the coefficients of 



n)z n 2 



Y w {t, z)=Y, G(n) Z - n '2 and Y w (u, z) = ^L{ 

n£Z nSZ 

define a representation of the N = 1 Ramond algebra. 
Recall that 

h 2i+2,2n+i = ((2i + 2)-(2n + l)(2m + l)) 2 -4m 2 J_ 

8(2m+l) 16' 

Proposition 5.1. Assume that n £ Z. T/ien ^f~ nOL ® l 31 is a singular vector for the N = 1 
Ramond algebra 91 and 

t/(9l)(e^- nQ ® 1*) ^(cam+Hi ^ +2 > 2n+1 ) 

= I R (cWw.^ W1 ) + ©^(^W^ ai+a,an+1 )"- 

Moreover, 

C/(9l)(e^-" Q ® 1±) - L^(c 2m+M ,/ l 24 + 2 ' 2 "+ 1 ) ± . 
As in [5] (see also [20] and [25]) we have the following result. 
Lemma 5.1. The (screening) operator 

Q = Res x Y w (e a ®<f>(-$),x) 
commutes with the action of9\. 

Remark 5.2. By using generalized (lattice) vertex algebras and their twisted representations 
one can also define the second screening operator Q acting between certain cr-twisted Vl <8> F- 
modules such that 

[Q,m] = o, [Q,Q} = 

(for details and some applications see [7]). 
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We shall first present results on the structure of a- twisted Vl®F- modules, viewed as modules 
for the N = 1 Ramond algebra. Each V l+ ^r <g> M is a direct sum of super Feigin-Fuchs modules 
via 

V l+j r ® M = (M(l) ® e^ +na ) ® M. 

Since operators Q J , j E Z>o, commute with the action of the Ramond algebra, they are 
actually (Lie superalgebra) intertwiners between super Feigin-Fuchs modules inside V l+ ^r <8> M. 
To simplify the notation, we shall identify e@ with e@ (8> l m for every /3 £ L + 7,^. 
Assume that < i < m — 1. If Q^e^~ na is nontrivial, it is a singular vector of weight 

wt(Q^-" a ) = wt(e^- nQ ) = h 2i+2 > 2n+1 . 
Since wt(e^+^- n ) Q ) > wt(e 7 ^- nQ ) if j > 2n, we conclude that 
Qi e 7f-«« = for j > 2n. 
One can similarly see that for m < i < 2m: 
Qj e t?-™* = for j > 2?i + 1. 
The following lemma is useful for constructing singular vectors in V l+ ^r ® M: 
Lemma 5.2. 

(1) Q 2n e~t?- na / for < i < m. 

(2) Q2n+l e7 f-na _^ Q J or m + 1 < i < 2m. 

Proof. The proof uses the results on fusion rules from Proposition 13.11 and is completely ana- 
logous to that of Lemma 6.1 in [5]. ■ 

As in the Virasoro algebra case the N = 1 Feigin-Fuchs modules are classified according to 
their embedding structure. For the purposes of our paper we shall focus only on modules of 
certain types (Type 4 and 5 in [20]). These modules are either semisimple (Type 5) or they 
become semisimple after quotienting with the maximal semisimple submodule (Type 4). 

The following result follows directly from Lemma [5.2l and the structure theory of super Feigin- 
Fuchs modules, after some minor adjustments of parameters (cf. Type 4 embedding structure 
in [20]). 

Theorem 5.1. Assume that i G {0, . . . , m — 1}. 

(i) As an ^K-module, V L , r <g> M is generated by the family of singular and cosingular vectors 
Singj |J CSingj, where 

Sing, = {4 j ' n) \j,ne Z> , < j < 2n}; 

CSmg; = {w\ j ' n) | n £ Z >0 ,0 < j < 2n- l}. 
These vectors satisfy the following relations: 

np' n) = Q^e^~ na , Q j wl j ' n) = e ^ +na . 
The submodule generated by singular vectors Singj, denoted by RA(i + 1), is isomorphic to 

oo 

0(2n+l)L«( C2m+1 , 1 ,/ i W"+ 1 ). 

n=0 
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(ii) Let RA(i + 1) denote the submodule ofV L+ry R ig) generated by singular vectors 
Qj ( e 7? -na gl ±j ) n G Z> , < j < 2n. 

T/ien 

oo 

RA(i + 1)± = 0(2n + l)L*(c 2m+ljl , ^+Wi)± ; 

n=0 

and 

RA(i + 1) = i?A(i + 1) + RA(i + 1)~. 
(ra) For the quotient module we have 

oo 

iffl(m - i) := (V l+x r M)/i?A(i + 1) - 0(2n)L*( C2m+lil) fc*+2,-2n+i) . 



n=l 



Moreover, we have 

RU(m -i) = RU(m - i) + Rtt(m - i)~ , 

where 



RU(m - if = {V L+1 n ® M)/RA{i + if = 0(2n)L M (c 2m+lil , / l 24+2 '" 2n+1 ) ± . 



n=l 



Theorem 5.2. Assume that i € {0, ... ,m— 1}. 

(i) ^4s an ^-module, V T , r ®M is generated by the family of singular and cosingular vectors 
Singj |J CSingj, where 

Sing'^ = {u'^' n) | n £ Z >0 , < j < 2n - l}; 
CSirTg- = {^ 0>) | j,n £ Z> , < j < 2n}. 

These vectors satisfy the following relations: 

The submodule generated by singular vectors Singj is isomorphic to 

oo 

RU(i + l) * 0(2n)L OT (c 2m+1 , 1 ,/ l 2m - 2i '- 2 " +1 ). 

n=l 

(ii) For the quotient module we have 

oo 

RA(m - i) * (V l+1 r (g) M)/RU(i + 1) * 0(2n + (c 2m+1>1 , / i 2m-2i,2n + l> 

n=0 
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Theorem 5.3. 

(i) As an ^-module, V L+ry R ®M is completely reducible and generated by the family of singular 
vectors 

Sing 2m = {u^ := Ve^*-™ \ n G Z >0 , j G Z> , < j < 2n - l}; 
and it is isomorphic to 

oo 

RU(m + 1) := V L+1 n m (g> M = ^(2n)L m {c 2m+lA ,h im+2 ^ 2n+1 ). 

n=l 

(ii) Let RH{m + 1)^ be the submodule of V l+1 r (g) generated by the singular vectors 
Qi ( e 7 2 fl m -™° g) 1±) , n E Z >0 , j G Z> , < j < 2n - 1. 

T/ien 



i?n(m + l) ± = 0(2n)L K (c 2m+1 , 1 ,/ l 4m+2 '- 2 " +1 ) ± , 



i4m+2,-2n+l\± 

zi/t;^ ^2m+l,lj' 

n=l 

and 



MI(m + 1) = RU(m + 1) + RIL(m + 1)~ . 

Remark 5.3. In this section we actually constructed explicitly all the non-trivial intertwining 
operators from Proposition 13.11 

6 The <r- twisted «SW(m) -modules 

Since SW(m) C Vl ® F is c-invariant, then every cr-twisted Vl <8> -F-module is also a cr-twisted 
module for the vertex operator superalgebra SW(m). In this section we shall consider cr-twisted 
Vi <8> -F-modules from Section [5] as cr-twisted tSW(m)-modules. In what follows we shall classify 
all the irreducible cr-twisted 5W(m)-modules by using Zhu's algebra A a (SW{m)). 
Following [J] and [5], we first notice the following important fact: 

Q 2 e~ 2a G 0(SW(m)). (6.1) 
Proposition 6.1. Let be the highest weight vector in M(l, A) (8) . We have 

o{Q 2 e- 2a )vf = F m {t)v±, 

where t = (A, a), and 

. . , ft + m + l/2\ ft- 1/2\ , , , m ( 2 ™) 

F m (t) = 4 „ / L ' , wfcene ^ m = (-l) m 



3m + 1 7 V 3m + 17' f 4ra+1 ] 
Proof. First we notice that 



Q 2 e 2q = to! +i02, 



where 



oo 



«;i = J>^_ ie ?e- 2Q , «; 2 = ^e^e- 2a ®^H-i)cA(-j-i)l. 

i=0 i,j=0 
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The proof of Proposition 8.3 from [5] gives that 
= A m [ "'"111 " . )v 



o(«;i)7^ = Res ai Res xa (x 2 - xx) 2m (l + x{f{l + x 2 ) t {x 1 x 2 )~ Am ~ 2 vx 
t + m \ ( t \ _j_ 



± 



3m + 1/ \_3rn + 1 ' 
so it remains to examine 0(102)- Recall Lemma \2.1\ so that 

(x 2 - x 1 )G(x 1 ,x 2 ) = i((l + xi) 1/2 (l + x 2 y 1 ' 2 + (1 + x 1 y 1 /\l + x 2 ) 1/2 - 2 

Now, we compute 

= £ Res xl Res a;2 x l 1 x J 2 o(y(e a ,x 1 )y( e a ,X2)e- 2a )o(^(-i - - 5)) 

i,j>0 

= Res xl Res a;2 x l 1 X2Cj J Res xl Res X2 (x2 — xi) 2m+1 (l + xif 

V ij>0 

x (l + x 2 )W 2 )- 4m - 2 ^ 

= Res Xl Res :C2 (G(x 1 ,X2)(x2-rE 1 ) 2m+1 (l+x 1 )*(l + X2)*)(x 1 X2)- 4m - 2 ^ 

= -Res xl Res xa (x 2 - xi) 2m (l + xi)*(l + x 2 )*(xix 2 )- 4m - 2 ^ (6.2) 

+ iRes^Res^ ((x 2 - x 1 ) 2m (x 1 x 2 )- 4m - 2 (l + x x ) t+1 l 2 {l + X2) 4 " 1 / 2 ) «f (6.3) 

+ iRes^Res^ ((x 2 - xi) 2m (xix 2 )- 4m - 2 (l + xi) t " 1 / 2 (l + x 2 ) i+1 / 2 ) vf. (6.4) 

Now, observe that the expression in (|6.2|) is precisely — o(wi) -v^ , while (|6.3|) and (|6.4|) are equal. 
Consequently, 



o{w! + w 2 ) • v± = Res^Res^ ( (x 2 - xi) 2m (l + x 1 )*" 1 / 2 (l + x 2 ) m/2 (xix 2 )~ 



Am-2\ ± 



Now, we expand the generalized rational function in the last formula and obtain 

2m 



o(qv>± ( 2 r) 



t + l/2 \( t- 1/2 \ ± 



4m + 1 - fc7 V 2m + l+ kj x 



k=0 

The sum in the last formula can be evaluated as in [3] and [S] . We have 
2m 



E(-ufr) 

; — n \ / 



t + l/2 \/ £ - 1/2 \ ft + m+ l/2\ ft -1/2 

Am + 1 — k) \2m + 1 + k) ~ m \ 3m + 1 / V 3m + 1 



fc=o 

where ^4 m is above. The proof follows. ■ 

A direct consequence of Proposition 16.11 and relation (|6.ip is the following important result: 
Theorem 6.1. In Zhu's algebra A a (SW(m)) we have the following relation 

£(M) = o, 

where 

3m /m— 1 \ / 3m \ 

= n (* - /i2i+2,1 ) = n (* - h2i+2 ' 1 ) 2 n o* - /i24+2,1 ) • 

i=0 V i=0 / \i=2m / 
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In parallel with [5] we conjecture that f^{x) is in fact the minimal polynomial of [uj] in 
A a (SW(m)). 

We have the following irreducibility result. The proof is similar to that of Theorem 3.7 in [3J. 
Theorem 6.2. 

(1) For every < i < m—l, i?A(i+l) =t are Z>Q-gradable irreducible a -twisted SW(m) -modules 
and the top components RA(i + l) =t (0) are 1-dimensional irreducible A a (SW(m)) -modules. 

(1') For every < i < m — 1, RA(i + 1) is a graded irreducible a -twisted SW(m) -module, and 
its top component RA(i + 1)(0) is a graded irreducible A a (SW(m)) -module. 

(2) For every < j < m , RH(j + 1)^ are irreducible Z>o-gradable a-twisted SW(m) -modules 
and the top components SH(j + l) =t (0) are irreducible 2- dimensional A (7 (SyV(m)) -modules. 

(2') For every < j < m , RH(j + 1) is a graded irreducible a-twisted SW(m)-module and its 
top component SH(j + 1)(0) is a graded irreducible A a (SW(m)) -module. 

Corollary 6.1. The minimal polynomial of [uj] is divisible by 




Moreover, both [uj] and [r] are units in A a (SW(m)). Consequently, SW(m) has no supersym- 
metric sector (i.e., there is no a-twisted SW(m) -modules of highest weight C2rr ^ 1 ' 1 ). 

By using similar arguments as in [4j and [5] we have the following result on the structure of 
Zhu's algebra A a (SW(m)) (as in the proof of Theorem 4.1 we see that [r] is central). 

Proposition 6.2. The associative algebra A a (SW(m)) is generated by [E], [H], [F], [r], [E], 
[H], [F] and [uj]. The following relations hold: 

[t] and [uj] are in the center of A a (SW(m)), 
L J i i 24 ' 



[t]*[X\ = ^^±±[X], for Xe{E,F,H}, 

[H]*[F]-[F]*[H] = -2q([uj])[F], 
[H]*[E]-[E]*[H]=2q([uj])[E], 
[E]*[F]-[F]*[E] = -2q([uj])[H], 

where q is a certain polynomial. 

Equipped with all these results we are now ready to classify irreducible cr-twisted SW(m)- 
modules. 

Remark 6.1. By using same arguments as in Proposition 5.6 of [1] we have that for C2-cofinite 
SVOAs, every week (twisted) module is admissible (see also jllj). Thus, the classification 
of irreducible cr-twisted 5W(m)-modules reduces to classification of irreducible Z>o-gradable 
modules. 

Theorem 6.3. 

(i) The set 

{i?n(i) ± (0), : 1 < i < m + 1} U {i?A(i) ± (0) : 1 < i < m} 
provides, up to isomorphism, all irreducible modules for Zhu's algebra A a (SW{m)). 
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(ii) The set 

{RU(i)(0), : 1 < i < m + 1} U {RA(i)(0) : 1 < i < m} 

provides, up to isomorphism, all ^-graded irreducible modules for Zhu's algebra 
A a (SW(m)). 

Proof. The proof is similar to those of Theorem 3.11 in [3] and Theorem 10.3 in [SJ. Assume 
that U is an irreducible ^4 -(5W(m))-module. Relation /^(M) = in A a (SW(m)) implies that 

L(0)\U = h 2i+2 ' l Id, for i € {0, . . . ,m - 1} U {2m, . . . ,3m}. 

Moreover, since [r] is in the center of A a (SW(m)), we conclude that G(0) also acts on U as 
a scalar. Then relation [r] 2 = [co] — C2 m +i j i/24 implies that 

G(0)\U= 1/2 + i - m id or G(0)\U = - 1/2 + l ~ m id. 
v / 2(2m + 1) ^2(2m + 1) 

Assume first that i = 2m + j for < j < m. By combining Propositions 16.21 and Theorem 16.21 
we have that q(h 2l+2 ' 1 ) / 0. Define 

e = = 1 [£], / = IF], h = —^——\H]. 

V^qih 2 ^ 2 ' 1 ) 1 J v^/i 2 ^ 2 ' 1 ) J q{h?^ l Y J 

Therefore C/ carries the structure of an irreducible, s[2-module with the property that e 2 = 
f 2 = and h ^ on U. This easily implies that U is a 2-dimensional irreducible sl2-module. 
Moreover, as an ^4 (7 ( t SW(m))-module U is isomorphic to either RH(m + 1 — j) + (0) or RTl(m + 

i-j)-(o). 

In the case < i < m - 1, as in [3] we prove that [/ = RA(i + l) + (0) or U = RA(i + 1)~(0). 
Let us now prove the second assertion. Let N = N° © A 1 be the graded irreducible 
yl CT (5yV(m))-module. As above, we have that 

L(0)\N = h 2i+2A ld, for i G {0, ...,m- 1} U {2m, ...,3m}. 

Then N = N + © N~ , where 



7V± = span c 1 1, ± V^m + l) 1 G(0 )|iV± = + ^ 2 + | ~ m Id. 

C \ 1/2 + i-m v ; 1 J v ;| ^2(2 ? n + 1) 

By using assertion (i), we easily get that = RA(i + 1) ± (0) (if < i < m — 1) and A 1 * 1 = 
i?n(3m + 1 - ^(0) (if 2m < i < 3m). ■ 

Theorem 6.4. 

(i) The set 

{i?n(i) ± : 1 < % < m + 1} U { J RA(i) ± : 1 < i < m} 

provides, up to isomorphism, all irreducible a -twisted SW(m) -modules, 
(ii) The set 

{RU(i) : 1 < i < m + 1} U {RA(i) : 1 < i < m} 

provides, up to isomorphism, all Z2- graded irreducible a -twisted SW{m) -modules. 
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So the vertex operator algebra <SW(m) contains only finitely many irreducible modules. But 
one can easily see that modules V T , r <g> M and V T , r ®M(0<i<m — 1) constructed in 
Theorems 15.11 and 15.21 are not completely reducible. Thus we have: 

Corollary 6.2. The vertex operator superalgebra SW(m) is not a-rational, i.e., the category of 
a -twisted SW(m) -modules is not semisimple. 

Remark 6.2. In our forthcoming paper [7] we shall prove that SW(m) also contains logarithmic 
cr-twisted representations. 

7 Modular properties of characters 
of cr-twisted <SW(m) -modules 

We first introduce some basic modular forms needed for description of irreducible twisted 
SW(m) characters. The Dedekind 77-function is usually defined as the infinite product 

00 

r 1 (T) = q 1 ^H(l-q n ), 

n=l 

an automorphic form of weight ^. As usual in all these formulas q = e 2ntT , r € H. We also 
introduce 

00 

f(T) = <r 1/48 n( 1 + 9 n+1/2 )> 

n=0 

00 

fi(r) = g- 1 /4BJJ(i_ g n-i/2 )) 

n=l 

00 

n=l 

Let us recall Jacobi ©-function 

e j>k ( T , z)=Y, q k{n+ ^ )2 e 2mkz{n+ ^\ 

where j, k G \TL. If j G Z + ^ or k G N + \ it will be useful to use the formula 

@j,k( T ' Z) = @2j,4k(. T , Z) + @2j-4k,4k(.T, z). 

Observe that 

@j+2fc,fe(T, Z) = @j tk (T,z). 

We also let 

dO jik (T,z) := lA e fc ( TjZ ) = V(2fcn + j^+i) 2 /^. 
Related 0-functions needed for supercharacters are 
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where j£Z and k G ^N. It is easy to see that 

G j>k (T,z) = @2jAk{T,z) - &2j-4k,ik(T,z). 

Eventually, we shall let z = so before we introduce 

Q jtk (r) := % fc (T, 0), Gj- fc (r) := G j)fc (r, 0). 

Similarly, we define 90j j fc(r) and dGj^r). 
The following formulas will be useful: 

+ r^§^ ME e -^' j/ ^e 2/ , 4fc (r, *) 
If we let now z = 0, we obtain 

(v) = 7# E ^e 2j ,, 4fc (r,o), (7.i) 

and 

^ (—J = E 4*(r, 0). (7.2) 

For j G Z and G N + ^ we now have: 

e ^(v)=v^ 2 £ Ie "™' /, ' e « (T) ' 

v 7 i'=o 
e jife (r + l) = e^ 2 / 2fc G Jifc (r), 
(ae) J - fc (r + l) = e^' 2 / 2fc (5G) iifc (r), 

(ae) i|fc ( — = r^i7]2k E e" WJJ " /fc (9e) f , fc (r), 
v r J r=i 

where we used (17. ip and (17. 2j) . together with Oj,fc(r) = 6 J +2fe,fe(7") and dOj.kij) = d@j + 2k,k(i~). 
For j G Z + ^ and fc G N + 5 the transformation formulas are slightly different: 

e ^(v) = v^ 2 £ Ie "*" v ^' fc(r) ' 

v 7 j'=0 

e Jife (r + i) = e ^ 2 / 2fc e,, fe (r), 
(9e),- fc (r + i) = e ^ 2 / 2fc (5e) Jifc (r), 

(d@) j>k ( — )= Ty^/2k E <r** ii,h {dG)j'Jk(T)- 

v r / /= i 
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For a (twisted) vertex operator algebra module W we define its graded-dimension or simply 
character 

Xw {r)=tAwq m - c/2A . 
If V = L n5 (c 2m+li0 ,0) and W = L m (c 2m+lfi , h 2i+2 > 2n+l ), then (see [20], for instance) 

. . ™t LfofT) / L,2i + 2,2n + l l,2i+2,-2n-l\ ,_ . 

X^( C2m+1>1) ^, 2 n + i)(r)=2gW5 i8^^' - q h y (7 .3) 

By combining Theorems 15.11 15.21 and 15.31 an d formula (17, 3D we obtain 
Proposition 7.1. For i = 0, . . . , m — 1 

X m(m -„W = 2 Mjl (^zle^j^M - ^( 8 e )m _ ( _: ^ W ). (7.5) 

viZso, 

XRn(m+i)(r) = 2^y9 m+ i ^(r). 

As in [5], the characters of irreducible <r-twisted 5W(m)-modules can be described by using 
characters of irreducible modules for the triplet vertex algebra W(p), where p = 2m + 1. Let 
A(l), . . . , A(p), 11(1), . . . , n(p) be the irreducible W(p)-module. We have the following result: 

Proposition 7.2. 

(i) For < i < m — 1, we have: 

, v n XA(2i+2)(T/2) 
XRA(i+l){T) = 2 — . 

(ii) For < i < m, we have: 

Xn(2m-2i+l)( r / 2 ) 



XRn(m+l-i)( T ) — 2- 



f(r) 



Now, we recall also formulas for irreducible <SW(m) characters and supercharacters obtained 
in0. 

For i = 0, . . . , m — 1 

x S n (m -„(r) = (^e m _^(,) - ^(aej^^w) . (7.7) 



Also, 



f( r ) 

XSA(m+l)( T ) = ^y@ ,2l^ti( r )- ( 7 - 8 ) 
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For supercharacters we have: for i = 0, . . . , m — 1 

*JWr> = fK!^T G -,^M + 2^T (8G) '»-^ ( 4 (7 - 9) 



F / \ fi(r)/2m-2i 2 \ 



(7.10) 



Also, 



XsA(m+i)( T ) = VyG 0i22 rvfi(r). (7.11) 

These characters and supercharacters can be expressed by using characters of W(2m + 1)- 
modules. 

Proposition 7.3. 

(i) For < i < m, we have 

, x _ XA(2i+l)(|) f , s XA(2i+l)( 2 T i ) 
XSA(i+l) v J 7^7) ' XSA^+I) l T J T^v) ■ 

(ii) For < i < m — 1, we also have 

, x _ Xn(2m-2i)(j) , x _ Xn(2m-2t)( 1 Y^) 

X5n(m-i)i T i- w3 ' X S n(m-i)l T i- ^73 ■ 

Here A(i) and Il(2m + 2 — i), i = 1, . . . , 2m + 1, are irreducible W(2m + l)-modules [3]. 

By combining transformation formulas for (r), d&j^r), formulas (|7.4|) - (|7.8|) . (|7.9p - ([7.11|) 
and Proposition 17.11 we obtain second main result of our paper. 

Theorem 7.1. The <SX(2,Z) closure, called TL, of the vector space determined by <5W(m)- 
characters, SW(m) -supercharacters and a -twisted SW(m)- characters has the following basis: 



^-rLr n 2m + l T , ; , On 2m + l T ■ — — fc> 1 2 m + ll T i) 

^yG m _.2^(r), ^yG m _.^(T), ^©^._l )22 *i (r), 

77 (r) ' 2 iy(r) m ■ 2 77(7-) m - l ~2'^^ 

t— -aG m ^ 2m+i(r), t— - T <9G m _ i 2m+i (t) , r— — <9G . i 2m+x (r), 
r/(r) ' 2 r/(r) ■ 2 77(7-) m-j-^.^ 3 - 

where i = 0, . . . , m — 1. In particular, the space is 9m + 3 dimensional. 

7.1 Modular differential equations for cr-twisted <SW(m) characters 

Let us recall classical SL(2,Z) Eisenstein series (k > 1): 



2fclTj (2Jfe)! (2Jfe - 1)! ^ 1 - q n ' 



22 



D. Adamovic and A. Milas 



and certain linear combination of level 2 Eisenstein series (k > 1): 

B 2k 2 v n 2fc ~V 

(2k)\ + (2fe-l)!^ 1 + ' 

B 2 fc(l/2) _J y> (w ~ l/2) 2fc - 1 g"~ 1 / 2 

(2fc)! (2fc-l)!^ l + g^-Va 

where B2k{x) are the Bernoulli polynomials, and B 2k are the Bernoulli numbers. 
A modular differential equation is an (ordinary) differential equation of the form: 

(»|)'ifc) + E*ito(<£)'»M = o. 

where Hj(q) are polynomials in Eisenstein series G21, i > 1, such that the vector space of 
solutions is modular invariant. 

It is known (cf. [30]) that C2-cofiniteness condition leads to certain modular differential 
equation satisfied by irreducible characters tiMQ L ^~ c ^ 24: - In some instances the degree of this 
differential equation is bigger than the number of irreducible characters. So it is not clear what 
k should be in general. In the case of Virasoro minimal models, the degree of the modular 
differential equation is precisely the number of (linearly independent) irreducible characters. 

If V is a vertex operator superalgebra one can also get modular differential equation sat- 
isfied by ordinary characters but with respect to the subgroup Tg C SL(2,Z), where Hi are 
polynomials in G 2 i and Gn$ (see |27| for the precise statement in the case of A = 1 minimal 
models). 

In [6] we proved that the C2-cofiniteness for the super triplet vertex algebra SW(m) gives rise 
to a differential equation of order 3m + 1 satisfied by 2m + 1 irreducible characters (additional 
m solutions can be interpreted as certain pseudotraces) . By applying arguments similar to those 
in [6] it is not hard to prove 

Theorem 7.2. The irreducible a-twisted SW(m) characters satisfy the differential equation of 
the form 

(1 \ 3m+l 3m , A \ l 

%) »w fa) »(«)=«• 

where Hj^(q) are certain polynomials in G 2 i and Gn,\- 

As in the case of W(p)-modules and ordinary 5W(m)-modules, we expect that additional m 
linearly independent solutions in Theorem 17.21 have interpretation in terms of a-twisted pseudo- 
traces (cf. Conjecture 18.21 below). 

8 Conclusion 

Here we gather a few more-or-less expected conjectures (especially in view of our earlier work [3] 
and 0). 

The first one is concerned about the structure of A a {V). As in the case of A(W(p)) and 
A(SW(m)), from our analysis in Chapter 6, we can show that in fact 



G 2M (r) = 
G 2k fi(r) = 



dim(A a (SW(m))) > 10m + 8. 
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But this is well below the conjectural dimension, because 10m + 8-dimensional part cannot 
control possible logarithmic modules. Thus, as in the case of ordinary tSW(m)-modules, we 
expect to have 2m non-isomorphic (non-graded) logarithmic modules with two-dimensional top 
component. This then leads to the following conjecture: 

Conjecture 8.1. For every m E N, 

d\m{A a {SW{m))) = 12m + 8. 

If we assume the existence of m logarithmic modules so that Conjecture 18. II holds true, then 
the following fact is expected. 

Conjecture 8.2. The vector space of (suitably defined) generalized a -twisted characters is 3m + 
1- dimensional. 

Thus, generalized <SW(m) characters, supercharacters and a-twisted characters together 
should give rise to a 9m + 3-dimensional modular invariant space. 
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